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ABSTRACT 
A theory of t he  complex Doppler e f f e c t  of an o s c i l l a t i n g  e l e c t r o -  
magnetic source moving uniformly through a homogeneous d i spe r s ive  
medium i s  presented. The ana lys i s  i s  based on a method of asymp- 
t o t i c  eva lua t ion  of a c e r t a i n  th ree fo ld  Four i e r  i n t e g r a l .  The 
theory presented and the  r e s u l t s  obtained i n  t h i s  paper g e n e r a l l y  
d i f f e r  from those a l r eady  repor ted  i n  the  l i t e r a t u r e .  To i l l u s -  
t r a t e  the e f f e c t  a few s p e c i a l  cases  a r e  worked out i n  d e t a i l .  
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I. INTRODUCTION 
It i s  w e l l  known t h a t  t he  co lo r  of r a d i a t i o n  emi t ted  by a 
harmonic l i g h t  source moving r e l a t i v e  t o  an observer  v a r i e s  
with time. This i s  the f ami l i a r  Doppler e f f e c t .  When such a 
source i s  moving through a d ispers ive  medium, however, a new 
f e a t u r e  a r i s e s .  The r a d i a t i o n  i n c i d e n t  upon an  observer  may 
have seve ra l  s p e c t r a l  components although t h e  source i s  o s c i l -  
l a t i n g  a t  a s ing le  frequency. This phenomenon of frequency 
s p l i t t i n g  i s  c a l l e d  the complex Doppler e f f e c t  and has been 
s tud ied  by Prank' i n  connection w i t h  the  problem of c a l c u l a t i n g  
t h e  r a d i a t i o n  f i e l d  of an o s c i l l a t i n g  d ipole  moving uniformly 
2 through a homogeneous, i s o t r o p i c ,  d i spers ive  medium. Barsukov , 
a n a l y s i s  t o  homogeneous, an i so t rop ic ,  d i spe r s ive  media, such 
a s  the magneto-ionic medium. 
Barsukov and Kolomenskii 3 , and others '  have extended Frank 's  
Frank ' s  method of  a n a l y s i s  i s  b a s i c a l l y  as  fol lows.  The moving 
o s c i l l a t i n g  dipole  i s  f i r s t  s p e c t r a l l y  analyzed i n t o  a harmonic 
l i n e  source.  Then, the time-harmonic Maxwell equat ions a r e  
solved and the spectrum of  t he  f a r  f i e l d  i s  obtained.  Frank 
no te s  t h a t  for a d ispers ive  medium the  spectrum may peak 
a t  seve ra l  f requencies ,  whereas i n  a non-dispersive medium 
i t  peaks only a t  one frequency which i s  the ord inary  Doppler- 
s h i f t e d  frequency. The frequencies  a t  which the  spectrum peaks 
a r e  determined by solving f o r  w the  Doppler equat ion 
' + pmn(w) cos 0 ,  -1 
wO 
w = y  
where UJ; = proper frequency of the source ,  w = wave frequency 
measured by a d i s t a n t  observer a t  res t  i n  the  medium, n = r e f r a c -  
t i v e  index, y = (1-8 ) - F ,  p = v/c, 8 = angle  between the  v e l o c i t y  
- v of t he  source and the  wave vector  - k. Equation (1) i n  genera l  
admits seve ra l  r o o t s  f o r  UI s i n c e  the r e f r a c t i v e  index can be a 
complicated func t ion  of w. Thus Frank and h i s  fol lowers  
2 1  
1 
conclude t h a t  a t  a given d i r e c t i o n  0 a d i s t a n t  observer  may 
f i n d  seve ra l  d i s t i n c t  f requencies  i n  the  r a d i a t i o n  f i e l d ,  i . e .  , 
seve ra l  wave packets  whose main f requencies  are determined by 
eq. (1). However, they  can not  a s c r i b e  any physical  i n t e r -  
p r e t a t i o n  t o  t h e i r  r e s u l t s  and the  o r i g i n  of t h e  complex Doppler 
e f f e c t  remains a mystery. 
Actually,  t he  Doppler eq. (1) j u s t  connects the  frequencies  of 
a homogeneous plane wave observed i n  two d i f f e r e n t  i n e r t i a l  
frames K and K', w i t h  K '  moving r e l a t i v e  t o  K a t  a cons tan t  
v e l o c i t y  v. If t he  plane wave measured i n  K c o n s i s t s  of severa l  
s p e c t r a l  components, then i n  K' the wave appears t o  be a 
harmonic wave made up of a bundle of plane waves w i t h  the  same 
frequency w; but w i t h  d i f f e r e n t  propagation d i r e c t i o n s .  
- 
T h i s  
can be seen from the  a b e r r a t i o n  formula 5 
1 t a n  0 t a n  8 '  = - 
1 - sec 8 
J 
8 '  being the  angle between - v and - k' .  Here and henceforth,  the  
pr imed q u a n t i t i e s  are always r e f e r r e d  t o  K' while the unprimed 
q u a n t i t i e s  a r e  always r e f e r r e d  t o  K. Thus, according t o  Frank ' s  
a n a l y s i s  t he  f a r  f i e l d  i n  K ' ,  the  reference frame i n  which the 
o s c i l l a t i n g  source i s  a t  r e s t ,  i s  a monochromatic wave o s c i l -  
l a t i n g  a t  the  source frequency and cons i s t ing  of a bundle o f  
p lane  waves, whereas i n  K t h i s  bundle of plane waves becomes 
a polychromatic plane wave w i t h  a unique d i r e c t i o n  of propaga- 
t i o n ;  t h a t  i s  t o  say, the r ad ia t ion  i n c i d e n t  upon a d i s t a n t  
observer  a t  a given d i r e c t i o n  c o n s i s t s  of severa l  wave packets.  
From a phys ica l  viewpoint t h i s  i s  impossible s ince  t h e  group 
v e l o c i t y  takes  d i f f e r e n t  values a t  d i f f e r e n t  f requencies  for a 
g iven  d i r e c t i o n  of propagation. Therefore,  a t  any time the 
d i s t a n t  observer cannot receive more than one wave packet a t  a 
g iven  d i r e c t i o n .  From a mathematical viewpoint the a n a l y s i s  of 
2 
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Frank and h i s  fol lowers  i s  equal ly  unacceptable s ince  they  
i d e n t i f y  the spectrum of t h e  f a r  f i e l d  o f  an o s c i l l a t i n g  l i n e  
Source with the spectrum of t he  r a d i a t i o n  f i e l d  of a uniformly 
moving o s c i l l a t i n g  poin t  source. The i d e n t i f i c a t i o n  i s  permis- 
s i b l e  only  f o r  the  spectrum of t h e  f u l l  f i e l d  but i s  not  
permissible  for t h a t  of the f a r  f i e l d  a lone.  Moreover, i n  a 
complicated medium such a s  the magneto-ionic medium, the 
"outgoing-wave condi t ion" i n  the frequency-domain i s  not  
n e c e s s a r i l y  the counterpar t  of the  " r e t a r d a t i o n  condition' '  i n  
the time-domain, both being the commonly used r a d i a t i o n  condi t ion.  
Although the a n a l y s i s  of Frank and h i s  fol lowers  i s  of dubious 
v a l i d i t y ,  t h e i r  p red ic t ion  of the  ex i s t ence  of the  complex 
Doppler e f f e c t  i n  a d ispers ive  medium i s  c o r r e c t .  I n  the 
following w e  sha l l  present  a method, which i s  mathematically 
r igorous,  for c a l c u l a t i n g  the  r a d i a t i o n  f i e l d  of an o s c i l l a t i n g  
source moving uniformly through a homogeneous, l o s s l e s s ,  
d i spe r s ive  medium. The method i s  to express  the f i e l d  as  a 
superpos i t ion  of plane waves by a th ree fo ld  Four ie r  i n t e g r a l  
w i t h  the r a d i a t i o n  condi t ion  b u i l t  i n  the  in tegrand  and then 
t o  e s t ima te  the  i n t e g r a l  asymptot ica l ly  to g e t  the r a d i a t i o n  
f i e l d  i n  space and time. Our mathematical r e s u l t s  prove t h e  
cx i s t ence  of  the  complex Doppler e f f e c t  i n  a d ispers ive  medium. 
The o r i g i n  of t he  e f f e c t  i s  found i n  examining the  group 
v e l o c i t y  of each ind iv idua l  wave packet a r r i v i n g  a t  a d i s t a n t  
observer .  The wave packets,  each of which has i t s  own charac- 
t e r i s t i c  spectrum, were a c t u a l l y  emi t ted  by t h e  moving source 
a t  d i f f e r e n t  time, propagate t o  the  observer a t  d i f f e r e n t  
d i r e c t i o n s  and a t  d i f f e r e n t  group speeds, and f i n a l l y  reach the 
observer  simultaneously.  From the  viewpoint of  the observer 
the  wave packets were emit ted by  d i f f e r e n t  sources a t  d i f f e r e n t  
l o c a t i o n s .  
The remainder of t h i s  r e p o r t  i s  divided i n t o  two p a r t s .  The 
f i r s t  par t  conta ins  the mathematical theory o f  the method f o r  
so lv ing  the  genera l  problem of f i n d i n g  the  r a d i a t i o n  f i e l d  of 
3 
a n  o s c i l l a t i n g  source t ravers ing  a homogeneous d i spe r s ive  
medium. The theory  i s  then appl ied  i n  the  second p a r t  t o  a few 
s p e c i a l  cases  where the  mathematics remains t r a c t a b l e :  a n  
o s c i l l a t i n g  source t r a v e l s  through ( i)  a vacuum, (ii) an i s o t r o p i c  
co ld  plasma, and (iii) a cold  plasma b iased  by a strong magneto- 
s t a t i c  f i e l d  such t h a t  the  gyro-frequency i s  much l a r g e r  than  the  
plasma and the  wave frequency. Only i n  case (iii) does the  
complex Doppler e f f e c t  ar ise .  According t o  Frank's a n a l y s i s ,  
however, the  e f f e c t  should a l s o  occur  i n  case (ii), whereas 
according t o  our  a n a l y s i s  there  can be no frequency s p l i t t i n g .  
4 
11. THEORY 
A. FORMULATION O F  THE PROBLEM 
I n  order  to avoid the unnecessary mathematical complicat ions 
which a r i s e  f rom Lorentz con t r ac t ion  f o r  bodies of f i n i t e  s i z e ,  
we shal l  consider  on ly  an electromagnetic po in t  source.  To 
f i x  i d e a s  we s h a l l  assume the poin t  source t o  be a n  o s c i l l a t i n g  
e l e c t r i c  dipole  moving a t  a constant  v e l o c i t y  v through a 
homogeneous medium of i n f i n i t e  ex ten t .  Although we a r e  consid- 
e r i n g  a very p a r t i c u l a r  source, no e s s e n t i a l  f e a t u r e s  w i l l  be 
l o s t  regarding the phenomenon of complex Doppler  e f f e c t .  
- 
Let us  consider  two i n e r t i a l  frames of re ference  K and K', K 
being the r e s t  frame of the  medium w i t h  r e spec t  to which K '  i s  
moving a t  the  constant  ve loc i ty  v. Thus, o u r  o s c i l l a t i n g  e l e c t r i c  
d ipole  i s  a t  r e s t  i n  K' and we have f o r  the  e x t e r n a l  e l e c t r i c  
and magnetic p o l a r i z a t i o n  vectors  P'  and M '  t h e  following -e -e 
expressions:  
- 
- i w ; t  ' 
P'  = p '  6 ( r ' )  e -e - - ( 3 )  
M' = 0, -e 
where p '  i s  the e l e c t r i c  dipole moment and w; i s  i t s  proper 
frequency. With r e spec t  t o  K w e  then have 6 
- 
We now transform ( r ' , t ' )  to ( r , t )  i n  eq.  ( 4 )  by means of the  
L o r e n t z  t ransformations.  For convenience v i s  taken t o  be 
a long the z and z' axes.  Thus, 
- - 
- 
5 
by means of which w e  have 
The l a s t  express ion  fol lows by se t t ing  z=vt i n  the  exponent of 
t h e  second expression.  T h i s  i s  p e r m i s s i b l e  because o f  t he  
presence of a (  z -v t ) .  
a r b i t r a r y  d i r e c t i o n  o f  v, w e  have 
Generalizing the  above express ion  for 
- 
where 
-1 I wo = y wo . 
S u b s t i t u t i o n  of eq.  ( 5 )  i n t o  ( 4 )  g i v e s  
-1 -hot  
P = [x' + -e -- VV-p'] 6 ( r - v t ) e  - -  
V 
- iu lo t  
M -e - = p '  x - v b ( r - v t ) e  - -  
With P and M as e x t e r n a l  source func t ions  the Maxwell equat ions  
for non-magnetic, homogeneous, a n i s o t r o p i c  and d i spe r s ive  media 
are 
-e -e 
6 
a V X E = -  - H  - P o  a t  - 
V X H = - ; . E + - P  a a + V X M  
- a t = -  a t  -e -e ’ 
whence 
a v x Me, ( 8 )  a 2  a ; - E  = -
2 
-po a t 2  Pe -po 3 - a t2  = - v X V X E + po 
where c i s  a dyadic i n t e g r a l  opera tor  and i s  def ined as  - 
t 
Eij E j  = s ‘i j ( t - T ) E j (  7)dTJ 
--OD 
repeated i n d i c e s  being summed. 
Writing 
and similar i n t e g r a l  r ep resen ta t ions  f o r  le, M 
them i n t o  eq.  ( 8 )  we have 
and s u b s t i t u t i n g  -e 
where w = w 
* when a c t i n g  on the func t ion  exp(- iwt)  simply m u l t i p l i e s  the  ‘i j 
func t ion  by c ( w ) .  Hence, eq. (10)  g ives  
+ k - v  and & i j  = Kronecker’s d e l t a .  The opera tor  0 - -  
i j  
( a d j  V )F - i w t  Ei(k,t) = i j  j e 
J 
det Vi j  
7 
where a d j  V and de t  V denote r e s p e c t i v e l y  the a d j o i n t  and 
determinant of the  matr ix  w i t h  elements given by 
i j  i j  
I n s e r t i n g  (11) i n  ( 9 )  we have 
where Ni = ( a d j  V )F D = det  V and u) = wo + k - v .  - -  i j  j' i j  
Our problem now i s  t o  evaluate  the three-dimensional Four ie r  
i n t e g r a l  (13) f o r  I r - v t l +  a, i . e .  , for observat ion p o i n t s  very 
f a r  away from the t r a j e c t o r y .  Before at tempting t o  do s o  we 
note t h a t  f o r  l o s s l e s s  media s i s  e i t h e r  r e a l  symmetric o r  
hermit ian.  I n  t h i s  case D w i l l  be a r e a l  func t ion  of k and 
w i l l  have zeros  on the  pa ths  of i n t e g r a t i o n .  
(13) has no meaning. However, when the  r a d i a t i o n  condi t ion  i s  
in t roduced  e i t h e r  the zeros  of D w i l l  have t o  be removed off the  
p a t h s  of i n t e g r a t i o n  o r  t h e  paths of i n t e g r a t i o n  w i l l  have t o  
be modified t o  avoid  the z e r o s  of D. The s imples t  way of i n t r o -  
ducing t h i s  r a d i a t i o n  condi t ion  i s  t o  r ep lace  the  source f r e -  
quency w; by u): + i s  (c > 0) ,  and af terwards t o  l e t  c go t o  zero.  
Phys ica l ly ,  t h i s  means t h a t  the source i s  s l o w l y  turned on a s  
exp(c t  - h o t )  and w e  seek so lu t ions  of Maxwell's equa t ions  of 
t h e  o rde r  exp( c t ) .  The so lu t ions  obta ined  i n  t h i s  way w i l l  be 
c a l l e d  the  outgoing so lu t ions .  Thus, w e  s h a l l  have t o  eva lua te ,  
i n s t e a d  of the i n t e g r a l  (13), the  following i n t e g r a l :  
- -  
i j  
- 
Hence, the  i n t e g r a l  
i k.  ( r - v t )  
d3k ( 1 4 )  
- i w o t  Ni ( W J K )  - - -  
e 
De( w+ic, - k) = e Lim -+ s?s s+O 8n --a0 
8 
I -  
for I - 4  r -vt l - ,  =. 
D ( w + i s )  f rom D ( w )  when the  argument i s  no t  w r i t t e n  out  e x p l i c i t l y .  
The subsc r ip t  C i n  D i s  used t o  d i s t i n g u i s h  
So far we have assumed t h a t  the s i n g u l a r i t i e s  of the  in tegrand  
i n  ( 1 4 )  come e n t i r e l y  from the zeros  of D , neglec t ing  any 
possible  poles a r i s i n g  f rom Ni. 
be shown to have no poles .  
€ 
T h i s  i s  j u s t i f i e d  s ince  Ni can 
B. ASSMPTOTIC EVALUATION 
Our ob jec t ive  now i s  t o  ob ta in  an  asymptotic value for Ei out  (r, t)  
by eva lua t ing  the i n t e g r a l  i n  ( 1 4 )  f o r  / r - v t i  + =. We a n t i c i -  
pa te  t h i s  asymptotic value to come from the zeros  of D which a r e  
the  only  s i n g u l a r i t i e s  of t he  integrand.  The method of evalu- 
a t i n g  the i n t e g r a l  (14)  asymptot ica l ly  i s  very f a m i l i a r  i n  
r a d i a t i o n  problems where the far-zone f i e l d s  from a l o c a l i z e d  
source a r e  sought. The only  d i f fe rence  now i s  t h a t  we s h a l l  
speak i n  general  terms to achieve maximum gene ra l i t y ,  s ince  we 
do not  wi sh  to spec i fy  D, or equ iva len t ly  the d i e l e c t r i c  t enso r  
- -  
expl ic  i t 1 y. €i j' 
An asymptotic estimate of an i n t e g r a l  of the form (14)  has been 
obtained by Lighthi l17 who uses the  theory of genera l ized  
func t ions .  Here w e  s h a l l  re-der ive the  r e s u l t s  i n  a s t r a i g h t -  
forward and customary way, void of the theory  of genera l ized  
func t ions  and, moreover, w e  shal l  supply i n  some d e t a i l  p a r t  of 
the  d iscuss ions  touched upon i n  L i g h t h i l l ' s  paper.  
The method w e  s h a l l  adopt i n  eva lua t ing  the i n t e g r a l  i n  (14)  
c o n s i s t s  of t he  ca lcu lus  o f  res idues  and the method of s t a t i o n a r y  
phase.  F i r s t ,  l e t  us choose a coordinate  system ( 5 ,  q, C) 
where the  z-axis i s  along r - v t  whose magnitude i s  denoted b y x  
Hence, the i n t e g r a l  i n  ( 1 4 )  becomes 
c -  
9 
f o r  x + 0 3 .  The i n n e r  i n t e g r a l  can be eva lua ted  by the  method 
of r e s idues  i n  the complex <-plane.  
zeros  of D and 5 t h e  corresponding one of D. Then, e x p a n d i q  
5; around 5, and assuming for the  moment aD/a5 a t  5 = 5 
non-zero we have, by r e c a l l i n g  that  w = wo + k - v  , 
Let 5; be one of the  
8 m 
i s  m 
- -  
whence approximately,  
-1 
Here we have used awo/a5 = - ( a D / a 5 ) ( a D / a w o )  
by d i f f e r e n t i a t i n g  with r e spec t  t o  5 and wo the  equat ion 
which i s  obtained 
Equation (18) descr ibes  a surface i n  t h e  ( 5 , q , S )  space and t h i s  
su r f ace  i s  o f t e n  c a l l e d  the  "wave-number surface.  'I 
The i n n e r  i n t e g r a l  i n  (15) i s  now eva lua ted  by c los ing  the 
contour i n  the  upper 5-plane and, t he re fo re ,  on ly  zeros  of D 
having p o s i t i v e  imaginary p a r t  con t r ibu te .  By the method of 
r e s i d u e s  we have 
€ 
10 
A s  i s  ev ident  from (17), the  condi t ion  I m  5; > 0 impl ies  
t h a t  
> 0 a t  5 = 5 a w O  i f  5, i s  pure ly  real, -( a )  a5 m' 
( b )  i f  5, i s  complex, Im 5m > 0. 
Passing t o  the  l i m i t  c+o i n  (19)  and s u b s t i t u t i n g  the  r e s u l t  
i n t o  (15) we then have 
To e s t ima te  ( 2 0 )  for X+W, w e  d iv ide  the i n f i n i t e  domain i n t o  
S and R (F igure  1). S i s  the a r e a  of the  sur face  D = 0 
p ro jec t ed  onto the  qc-plane, R the  remaining a rea  i n  the 
i n f i n i t e  qc-plane.  
( 7 9 5 )  l i e s  i n  s; 5m ceases t o  be r e a l  i f  the po in t  ( q , c )  l i e s  
ou t s ide  S. Since x+w and I m  5m > 0, the  in t eg rand  i n  (20 )  i s  
vanish ingly  small for p o i n t s  i n  R and, consequently,  t h i s  p a r t  
of i n t e g r a t i o n  can be neglected from i n t e g r a l  ( 2 0 ) .  Thus the  
i n t e g r a l  we sha l l  have t o  es t imate  f o r  x-m i s  
Clear ly ,  s m ( q , C , w o )  i s  r e a l  when the po in t  
where 5, i s  r e a l  and therefore  l i e s  on the  sur face  D = 0, and 
a t  5 = <m, awo/a5 > 0 must be s a t i s f i e d .  
To get  the  term propor t iona l  t o  x-' from (21), we can use the 
method of s t a t i o n a r y  phase. The s t a t i o n a r y  p o i n t s  a r e  
determined from the equations 
11 
D = O  
I I 
I 
I 
I 
I 
I 
Figure 1. S i s  the  projected a rea  of the  wave-number 
sur face ,  D = 0, onto the  qc-plane, R t he  remaining 
a r e a  i n  the  i n f i n i t e  qc-plane. 
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which simply mean 
a t  the s t a t i o n a r y  
t h a t  the tangent p lanes  t o  t he  su r face  D = 0 
p o i n t s  are  para l le l  t o  t h e  qc-plane. Thus 
the  asymptotic value of ( 2 1 )  i s  given by 
Here K ,K a r e  t h e  two p r i n c i p a l  curva tures ,  and 1 i s  t h e  sum 
over  the  p o i n t s  on the surface D = 0 where awo/a5 i s  p o s i t i v e  
and where the normal i s  p a r a l l e l  t o  t he  x-d i rec t ion .  
7 5  
We a r e  now i n  a p o s i t i o n  t o  wri te  down the asymptotic value of 
s u b s t i t u t i o n s  i n  (23):  5,. by k . ( r - v t ) ,  x by ]'-xtI, IC IC 
t h e  Gaussian curva ture  K, and a D / g  by aD/ak. 
Out g iven i n  (14) .  To do t h i s  w e  simply make the  fol lowing Ei 
by T J 5  -m - - 
Then w e  have 
Here 1 i s  s u m m i n g  over  the  set  o f  p o i n t s  k on t h e  sur face  
D = 0 where the  normal i s  p a r a l l e l  t o  r - v t  ( t h e  asymptotic 
c o n d i t i o n )  and the  component o f  awo/ak a long r - v t  i s  p o s i t i v e  
( t h e  r a d i a t i o n  cond i t ion ) .  
t h e  group v e l o c i t y  aw/ak minus - v has a p o s i t i v e  component a long  
-m 
- -  
- L- 
The l a t t e r  cond i t ion  impl i e s  the  
- 
r - v t .  - -  
The amplitude Ai i s  g iven  by 
Ni 
where C i s  
( a )  &I when K < 0 and aD/ak - i s  i n  the  d i r e c t i o n  of 
*( - -  r - v t )  
( b )  &l when K > 0 and the su r face  i s  convex to the  
d i r e c t i o n  of +( aD/ak) .  - 
I n  what fol lows our primary concern w i l l  be to examine the 
f requencies  of the  f a r  f i e l d  and no a t t e n t i o n  w i l l  be p a i d  to 
the amplitude A i .  Although, to be sure ,  Ai may vanish a t  some 
- G ' s ,  t h a t  i s  to say, t he  modes corresponding to t h a t  s e t  of 
- GIs cannot be e x c i t e d  for a source func t ion  of given d i s t r i -  
bution, we s h a l l  no t  consider  t h i s  point, but i n s t e a d  we s h a l l  
s tudy  the  f requencies  of a l l  t he  poss ib l e  modes t h a t  can be 
exc i t ed .  
At t h i s  po in t  i t  may be asked if i t  i s  a t  a l l  meaningful t o  
t a l k  about d i s c r e t e  frequency components of the  f a r  f i e l d  s ince  
the  f i e l d  r a d i a t e d  by a moving o s c i l l a t i n g  source a c t u a l l y  has 
a continuous spectrum. S t r i c t l y  speaking, the far  f i e l d  ( 2 4 )  
has  a continuous frequency spectrum because of the presence of 
t h e  f a c t o r  1 r - v t l - I  -  and t h e  f a c t  t ha t  the l o c a t i o n s  of the 
p o i n t s  on the wave-number surface vary from time t o  time. 
However, b o t h  of t hese  f a c t o r s  ha rd ly  change over a per iod  of 
o s c i l l a t i o n  and, therefore ,  most of t he  r a d i a t e d  energy i s  
contained i n  the  d i s c r e t e  f requencies  wm equal to wo i- k ' v .  -m - 
- 
Before concluding t h i s  sec t ion  two p o i n t s  should be mentioned. 
I n  t h e  foregoing a n a l y s i s  we have assumed t h a t  t he re  were only 
simple poles  i n  the complex 5-plane and t h a t  the  Gaussian 
curva ture  was non-zero. At a mu l t ip l e  pole,  i . e . ,  a pole o f  
o r d e r  g r e a t e r  than  one, our previous expression (19 )  has to 
be modified according to the  theory of res idues ,  and i n  t h i s  
ca se  the r a d i a t i o n  condi t ion  can no longer  be i n t e r p r e t e d  i n  
t e r m s  of the  group v e l o c i t y ,  a phys i ca l ly  meaningful quant i ty .  
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I ’. 
I n  the  s i t u t a t i o n  where t h e  Gaussian curva ture  vanishes,  a n  
asymptotic estimate of the  two-dimensional i n t e g r a l  ( 2 1 )  w i l l  
l e a d  t o  the Airy func t ion  which decays slower than  the  i n v e r s e  
of a d is tance .  Here w e  sha l l  n o t  wr i te  out  t he  cumbersome 
gene ra l  formula for the case  of mu l t ip l e  poles  and f o r  the 
case of vanishing Gaussian curvature .  However, a d e t a i l e d  
d i scuss ion  w i l l  be g iven  when such s i t u a t i o n s  a r i s e  i n  t r e a t i n g  
a s p e c i f i c  problem. 
111. APPLICATIONS 
The genera l  theory  s e t  out i n  the l a s t  chapter  a p p l i e s  t o  t h e  
problem of c a l c u l a t i n g  the r a d i a t i o n  f i e l d  of  an o s c i l l a t i n g  
Source of any d i s t r i b u t i o n  s t a t i o n a r y  i n  or moving through a 
l i n e a r ,  homogeneous, l o s s l e s s  medium of i n f i n i t e  ex ten t .  The 
medium can be d i spe r s ive  a s  well  as  an i so t rop ic .  We s h a l l  now 
apply  the  genera l  theory t o  a few cases  where the  ana lyses  a r e  
mathematically t r a c t a b l e .  We sha l l  l i m i t ,  however, our  consid- 
e r a t i o n  only t o  the f ind ing  of  the  p r i n c i p a l  f requencies  of 
the  r a d i a t i o n  f i e l d  and, therefore ,  the cons t ruc t ion  of t he  
wave-number surface for each p a r t i c u l a r  case w i l l  s u f f i c e ,  as  
was pointed out  i n  sec t ion  I1 B. 
A.  CASE OF A VACUUM 
Let us begin w i t h  the  simplest  and ye t  important case where a 
harmonically o s c i l l a t i n g  source t r a v e l s  a t  constant  speed i n  a 
vacuum. The d i spe r s ion  equation, D = 0, i s  wel l  known a s  
2 ( w 0  + k . v )  = 0 2 2 2 1  5 + q  + 5  - -  3 - -  
C -  
Here, a s  before,  ( s J q , 5 )  a r e  the Car tes ian  components o f  - k. 
Without loss of g e n e r a l i t y  we choose t h e  < -ax i s  along - v. 
Equation (26 )  then becomes 
where ko = wo/c. I n  con t r a s t  t o  t he  s t a t i o n a r y  case where the  
wave-number sur face  i s  spher ica l ,  eq. (27 )  descr ibes  the su r face  
of a p r o l a t e  spheroid whose p ro jec t ion  onto the  sq-plane i s  an 
e l l i p s e :  
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o r  
( 5 - B Y  2ko ) 2 + * =  1, 
Y4k,' y ko 
o r  
kO k =  
Equation ( 2 8 )  i s  p l o t t e d  i n  Figure 2a. There a r e  on ly  two 
p o i n t s  A and B where t h e  normals t o  t he  e l l i p s e  given by 
D ( 5 , q , w o )  = 0 a re  p a r a l l e l  t o  r - v t .  To see i f  both A and B 
s a t i s f y  t h e  r a d i a t i o n  condi t ion,  we c o n s t r u c t  t h e  sur face  
D( 5,q,wo + Auo) = 0, Awo being small and p o s i t i v e .  
Figure 2a w e  can e a s i l y  see tha t  t h e  d i r e c t i o n  from A t o  A '  
i s  a long  r -v t ,  whereas t h e  d i r e c t i o n  from B t o  B' i s  oppos i te  
t o  r - v t .  Thus a t  A, (r-vt).awo/ak > 0, while a t  B, 
(r-vt) .awo/ak - -  - < 0. 
t h e  r a d i a t i o n  condi t ion  i s  v io l a t ed  and only  A c o n t r i b u t e s  t o  
t h e  r a d i a t i o n  f i e l d .  
- -  
From 
- -  
- - -  
That i s  t o  say ( see  s e c t i o n  II.B), a t  B 
The group v e l o c i t y  u o f  the wave i s  given by - 
Evalua t ing  awo/a5 and awo/aq from ( 2 8 )  we g e t  
u = c - - . I - = c ~ = c c o s ~ ,  s 85  + ko 
u = c - - - - I I - = c z = c s i n x .  
rl 85 + ko 
T 
I 
Figure 2a. Cross sec t ion  ( t h e  e l l i p s e  i n  
s o l i d  l i n e )  of the  wave-number sur face  i n  
any a x i a l  plane f o r  the vacuum case.  The 
e l l i p s e  i n  broken l i n e  i s  obtained when 
wo i s  replaced by wo C Awo i n  the d isper -  
s i o n  equation; Awo being small and 
p o s i t i v e .  
A P 
0 
Figure 2b. The corresponding p i c t u r e  of 
Figure 2a i n  ordinary space.  P and A a r e  
r e s p e c t i v e l y  the  present and r e t a rded  
p o s i t i o n s  of t h e  source. 0 i s  the d i s t a n t  
observer.  The angles  0 and X correspond 
t o  those  i n  Figure 2a. A0 = c t .  AP = v t .  
18 
Thus, a s  expected, u i s  i n  the d i r e c t i o n  of k ( s e e  Figure 2b) 
and has magnitude equal t o  C, t he  vacuum speed of l i g h t .  
- - 
Figure 2b p l o t s  the  r e l a t i v e  p o s i t i o n s  of the observer  and the  
source a t  the present  and re ta rded  moments. 
ma t t e r  to show t h a t  t he  d i r e c t i o n  f rom A to 0 i n  Figure 2b 
corresponds t o  t h e  d i r e c t i o n  of k i n  Figure 2a. Thus, by 
means of the  wave-number surface one can determine with 
comparative ease the r e l a t i o n  between the  present  and r e t a r d e d  
p o s i t i o n s  of the  r a d i a t i n g  source. The r e l a t i o n  between 
0 and x i n  Figure 2a or Figure 2b can be obtained f rom eq. ( 2 8 )  
and i s  found to b e  
It i s  a simple 
- 
s i n  x 
cos x-8 t a n  0 = 
The v a r i a t i o n  of the  wave frequency w with the  angle  x can 
a l s o  be obtained from the  wave-number sur face  Figure 2a. 
Since 
and s ince  f rom eq. (28 )  
kn cos X 
U 
5. = 1 - 8  cos x ' 
we f i n d  t h a t  
u) W '  
- 0 - 0 
w =  1-8  cos x y (1 -p  c o s  x) 
where, a s  before,  w i  i s  the  proper frequency o f  the source.  
A p l o t  of (31) i s  given i n  Figure 4c by the curve X = 0. 
If one wishes, he can a l s o  f i n d  the  amplitude of the r a d i a t i o n  
f i e l d  from eq. (25 )  for any given source func t ion .  However, 
t h i s  po in t  w i l l  no t  be pursued here .  
By t h e  simple example of a vacuum we have shown how the  
c h a r a c t e r i s t i c s  of the  r a d i a t i o n  f i e l d  can be determined s o l e l y  
f rom a knowledge o f  the  wave-number sur face .  
B. C A S E  OF AN ISOTROPIC C O L D  PLASMA 
A second simple i l l u s t r a t i o n  of the  genera l  theory is the  case 
i n  which a harmonic source t r a v e l s  through an ion ized  gas  of 
vacuum permeabi l i ty  and of p e r m i t t i v i t y  given by 
2 w 
€ : = €  0 ( 1 - +  
w 
where w i s  the  plasma frequency. I n  t h i s  case the d ispers ion  
equation, D = 0, i s  
P 
which becomes 
s 2 + q  2 + 5 2 - ( k o + p s )  2 + k p = O .  2 
A f t e r  suppressing t h e  va r l ab le  5 ,  we have from eq.  (32) 
2 
2 ( s - B Y  2ko) 
Y ( Y  ko-kp) Y ko-kp 
rl 
2 2 2  2 +  2 2  2 = l '  (33)  
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Assume f o r  the moment ko > kD, i. e . ,  X = k 
e l l i p s e  descr ibed by (33) i s ' - p lo t t ed  i n  Figure 3a, which 
shows tha t  the re  i s  only  one p o i n t  on the  e l l i p s e  where the 
normal i s  p a r a l l e l  t o  r - v t  and ( r -v t ) .aw /ak > 0. 
i s  concluded t h a t  only one wave w i l l  propagate to t he  d i s t a n t  
observer.  
Hence, i t  
0 -  - -  - -  
The rec tangular  components u and u of  the  group v e l o c i t y  u - 5 
a r e  found, w i t h  the a i d  of (33),  to s a t i s f y  the  equat ion of 
an e l l i p s e :  
(1 + B2X)U2 + u2 - 2pcxu = c 2 (1-x). s rl 5 (34) 
The group-veloci ty  surface i s  ob ta ined  by r o t a t i n g  t h i s  e l l i p s e  
about the u -ax is .  Figure 3b  i s  a p l o t  of eq. (34) ,  showing 
t h a t  the wave has a g r e a t e r  speed when the source i s  approach- 
ing .  
5 
-The r e l a t i v e  p o s i t i o n s  of the  observer and the  source are 
shown i n  Figure 3c. The angle X i n  both Figures  3a and 3c can 
be shown t o  be the same. From Figure 3a the  r e l a t i o n  between 
the  present  and r e t a rded  p o s i t i o n s  of the  source i s  found to 
be given by 
We now proceed to f i n d  t h e  wave frequency w a s  a func t ion  o f  
X f rom Figure 3a. F i r s t ,  we s u b s t i t u t e  q = 5 t a n  x i n t o  
eq. (33) and solve for 5 .  Then from w = wo + v~ we g e t  
2 - 2--- 1 + f3 cos x -fj cos x) 
w -  2 9 - -  
wO 1-8 cos2 x 
which i s  given i n  Figure 4c by the  curve X c 1. 
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I 
J s 
Figure 3a. Cross s e c t i o n  of  t h e  wave-number su r face  
i n  any a x i a l  plane for t h e  case of  a n  i s o t r o p i c  co ld  
plasma. u i s  p a r a l l e l  t o  k and equal  t o  the v e c t o r i a l  
sum o f  awi/ak and v. 
- 
- - 
Figure  3b. 
su r f ace  i n  any a x i a l  plane f o r  t h e  case of an  
i s o t r o p i c  c o l d  plasma. 
Cross s e c t i o n  of t h e  group-veloci ty  
0 
Figure  3c. 
A 0  = u t .  AP = v t .  
Refer t o  Figure 2b f o r  no ta t ion .  
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Let us now c o n s i d e r  b r i e f l y  the v a r i a t i o n  of F igures  3a and 3c 
with X, keeping v cons tan t .  A s  X i nc reases ,  t he  wave-number 
surface and the  group-velocity sur face  s t a r t  s h i f t i n g  t o  the  
r i g h t  and a t  the same time they a r e  decreasing i n  s i z e .  
F ina l ly ,  a s  X reaches the  value y’, they sh r ink  t o  a poin t  
and t h e r e a f t e r  disappear.  The s i t u a t i o n s  a r e  depicted i n  
Figure 4a and 4b. Figure 4c i l l u s t r a t e s  the  v a r i a t i o n  of t he  
wave frequency w i t h  t he  angle x and a l s o  w i t h  X. It shows 
t h a t  t h e  g r e a t e r  X becomes the smaller  the  cu to f f  angle  xC i s .  
A t  X = y , i . e . ,  w: = w 
It i s  i n t e r e s t i n g  to note t h a t  i n  the s t a t i o n a r y  case the  
r a d i a t i o n  f i e l d  i s  a l s o  c u t  off  a t  the source frequency equal 
to the  plasma frequency. 
2 no r a d i a t i o n  occurs a t  any d i r e c t i o n .  
P’ 
C .  C A S E  O F  A DISPERSIVE U N I A X I A L  MEDIUM 
I n  t h e  two cases  discussed above, the Doppler  e f f e c t  i s  normal 
i n  the sense t h a t  t he re  i s  only one peak i n  the  frequency 
spectrum of the r a d i a t i o n  f i e l d .  The s imples t  example which 
w i l l  e x h i b i t  t he  phenomenon of  complex Doppler e f f e c t  i s  when 
a harmonically o s c i l l a t i n g  source t r a v e l s  through an ion ized  
gas  permeated by a magnetostatic f i e l d  which i s  so strong t h a t  
t h e  gyro-frequency i s  much l a r g e r  than the wave frequency and 
t h e  plasma frequency. Under such a condi t ion  the  ion ized  gas  
behaves as a un iax ia l  medium and the p e r m i t t i v i t y  t enso r  i s  
g iven  by 
1 0  0 
‘ii 0 0 l - W L / W L  
P 
\ 
where t h e  z-axis  has been chosen along t h e  magnetostat ic  f i e l d .  
S u b s t i t u t i n g  (37)  i n t o  (12 )  we ob ta in  the  d i spe r s ion  equation, 
by s e t t i n g  the determinant V equal t o  zero, 
i j  
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Figure 4a,b. Var ia t ions  of cross  s e c t i o n s  o f  the wave-number 
sur face  and the  group-veloci ty  sur face  wi th  X. The r a d i a t i o n  
condi t ion  i s  no t  s a t i s f i e d  by poin ts  on t h a t  par t  o f  curves i n  
broken l i n e .  
W 
7 
WO 
5 
U 
Figure 4c. Doppler-shifted frequency 
( o r  t he  wave frequency) versus  x f o r  
d i f f e r e n t  values of X. 
cu to f f  angle .  
xc i s  t h e  
where 
W 
a 4 = 1 - T  cos2 T 
W 
2 
W 
a o = l - T  P
w 
H = angle between k and the z-axis.  - 
Two cases  w i l l  be s tud ied  separately:  i n  case (1) the magneto- 
s t a t i c  f i e l d  i s  perpendicular t o  the  plane containing the  
t r a j e c t o r y  of the source and the observat ion poin t ,  and i n  
case ( 2 )  t he  f i e l d  i s  along the motion of the source.  
-1. F i e l d  Perpendicular t o  the  Source Motion 
Equation (38) i s  s i m p l i f i e d  f u r t h e r  if 9 = 90' and v i s  
perpendicular  t o  the  z-axis .  I n  this case eq. (38) reduces t o  
- 
The case where w = 0 corresponds t o  non-radiated f i e l d  and 
t h u s  i s  of  no concern t o  us.  This equat ion,  apart from the  
f a c t o r  w /C , descr ibes  surfaces  of  two concent r ic  p r o l a t e  
spheroids:  one i s  t h e  wave-number sur face  of t he  vacuum case 
while  the o t h e r  i s  the  wave-number surface of the case of an 
i s o t r o p i c  co ld  plasma. Hence, the r e s u l t s  i n  1II.A and 1II.B 
app ly  simultaneously t o  the present  case.  With t h e  a i d  of 
4 4  
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Figures  5a, 5b, 5c, and 5d we can descr ibe the p i c t u r e  a t  
the  s i t e  of a d i s t a n t  observer.  When the  source i s  approach- 
ing, two waves, one being denoted a s  ord inary  and the  o t h e r  
ex t raord inary ,  a r r i v e  a t  the observer  w i t h  t he  ord inary  wave 
a t  a h igher  frequency. When the  source comes d i r e c t l y  above, 
these  two waves coalesce and t h e r e a f t e r  they  s p l i t  aga in  
i n t o  two w i t h  the  ex t raord inary  wave a t  a h igher  frequency. 
This phenomenon of frequency s p l i t t i n g  i s  c a l l e d  the  complex 
Doppler e f f e c t .  
To see phys ica l ly  how the phenomenon of complex Doppler e f f e c t  
comes about,  we r e s o r t  t o  the group-veloci ty  sur face  (F igure  5c) .  
Since the  ord inary  wave t r a v e l s  a t  a group v e l o c i t y  c and the  
ex t r ao rd ina ry  wave a t  a slower speed u ( c  > u > v) ,  these two 
waves which simultaneously reach the  observer have a c t u a l l y  
been emi t ted  a t  d i f f e r e n t  time from the moving source i n  i t s  
course of passage th rough  the medium. To s t a t e  i t  another  way, 
t h e  moving source emits  a t  any poin t  along i t s  t r a j e c t o r y  two 
types of waves, o rd inary  and ex t raord inary .  The ord inary  wave 
and the  ex t r ao rd ina ry  one emitted e a r l i e r  are propagating a t  
d i f f e r e n t  speeds and a t  d i f f e r e n t  d i r ec t ions ,  and they  a r r i v e  
a t  t he  observer a t  the same time. The s i t u a t i o n  i s  c l e a r l y  
depic ted  i n  Figure 5b. 
2. F i e l d  Along the Source Motion 
The phenomenon of complex Doppler e f f e c t  becomes more pronounced 
when the  o s c i l l a t i n g  source t r a v e l s  along the  d i r e c t i o n  o f  the 
magnetostat ic  f i e l d .  
m u l t i p l i c a t i v e  f a c t o r  u) / e  , now takes the  form 
Equation ( 3 8 ) ,  a p a r t  from the f i r s t  
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Figure 5a.  Cross s e c t i o n s  o f  Figure 5b. The present  posi-  
wave-number sur faces  f o r  t h e  t i o n  P and the  r e t a rded  
perpendicular  case of the  p o s i t i o n s  A, B a r e  shown w i t h  
un iax ia l  medium w i t h  Xd. r e spec t  to the  d i s t a n t  
o denotes the  ord inary  wave and observer  0. 
e the ex t raord inary  wave. 
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Figure  5c. Cross sec t ions  of Figure 5d. Var ia t ions  of wave 
group-veloci ty  sur faces .  f requencies  w i t h  0 .  
One of the  branches of (40)  is given by 
2 2  2 2 2 k2 - % = (1-fj ) f  + q + c2 - 28k05 - ko = 0 
C 
which i s  j u s t  t h e  d ispers ion  equat ion of the vacuum case.  
The propagating wave a s soc ia t ed  w i t h  t h i s  branch i s  the re fo re  
unaf fec ted  by the medium. The o t h e r  branch o f  ( 4 0 )  i s  
2 2 w  2 
= 2$($ C + *2 ) - (5 - 5 )(T C' - k2) P = 0. 
This i s  a f o u r t h  o rde r  equation i n  5 ,  s ince  w = w - f  v5. 
Solving (42) for 
0 2 + c2 w e  have 
2 (w2/c2 - F 2 ) ( w 2 / C 2  - kg)  q + * 2 =  
W2/d2 
(43)  
The oval  and t h e  open branch i n  Figure 6a correspond to eq. ( 4 3 ) ,  
while  the  e l l i p s e  corresponds t o  eq. (41) .  At A, B, C ,  and D 
the normals a r e  p a r a l l e l  to r - v t  and (r-vt)*awo/ak - -  - > 0, t h a t  i s  
to say, t he  asymptotic condi t ion and the r a d i a t i o n  condi t ion  
are  s a t i s f i e d  a t  these  poin ts .  This  can be e a s i l y  seen by 
cons t ruc t ing  the  wave-number sur face  corresponding t o  wo -I- AwO, 
a s  was done i n  the vacuum case. Thus, f o r  the s i t u a t i o n  shown 
i n  Figure 6a, a l l  these  four  p o i n t s  con t r ibu te  to the far  f i e l d .  
These f o u r  waves, having d i s t i n c t  f requencies  wAJ wB, wC, and 
propagate t o  the  d i s t a n t  observer  a t  d i f f e r e n t  d i r e c t i o n s  
a s  shown i n  Figure 6b. 
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Figure 6a. Cross s e c t i o n s  of wave-number sur faces  
i n  any a x i a l  plane f o r  the p a r a l l e l  case of the 
un iax ia l  medium with X<1. A ,  By C y  D a r e  the only 
po in t s  s a t i s f y i n g  the r a d i a t i o n  condi t ion  and the 
asymptotic condi t ion  a s  descr ibed i n  s e c t i o n  1I.B. 
U Y U  -Cy .!?D a r e  t h e  corresponding group -A , velo:!?ties of the  waves. 
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Figure 6b.  The corresponding p i c t u r e  o f  Figure 6a 
i n  ord inary  space. The present  p o s i t i o n  P of the  
source and i t s  re ta rded  p o s i t i o n s  A,  By C y  D a r e  
shown with the d i s t a n t  observer  0. 
i s  i d e n t i c a l  to the  Doppler-shifted frequency i n  the  
vacuum case ( s e c t i o n  I I I . A ) ,  whi le  wB i s  approximately g iven  
by the Doppler-shifted frequency i n  the case of an  i s o t r o p i c  
co ld  plasma ( s e c t i o n  1II.B). The two new wave f requencies  
hence they belong t o  low frequency components compared t o  wA 
and wB. 
I n  order  to gain  an understanding of t h i s  complex Doppler 
e f f e c t  we s h a l l  now f i n d  the group v e l o c i t y  of each i n d i v i d u a l  
wave. The components o f  the  group v e l o c i t y  a r e  found from 
(43)  to be 
OJA 
and wD can be shown to be always smaller  than w and 
O-'C P' 
-1 
2 2 2  2 2 
u) (% - k:)(2 5 - u - W = S  -  -q -kp) s a 5  C c 
-1 2 4 u2 = u2 + u 2 = w 2 w  (7- k;)(? - k;T2) 
5 rl 
Here w e  have suppressed u and the coordinate  5 because o f  5 
r o t a t i o n a l  symmetry. From (44)  and (43)  w e  can deduce the  
following (F igures  6a, b )  : 
1. 
2. 
3. 
4. 
5. 
a t  D, u >O, u >O and u ~ v ;  s rl D 
at C,  u <O, u >O and uc& depending on the  r e l a t i v e  s r\ 
magnitude of X and p; 
a t  B, u <O, u >O and v<u <c; 
a t  A, u <O, u >O and uA = C ;  
s rl B 
s rl 
With t h i s  information on the  group v e l o c i t i e s  of the  f o u r  
waves, w e  a r e  l e d  to the  following explana t ion  f o r  t he  
phenomenon of complex Doppler e f f e c t .  I n  t r a v e r s i n g  a n  
ion ized  gas  permeated by a very s t rong  magnetostat ic  f i e l d ,  
an  o s c i l l a t i n g  source whose motion i s  along the  d i r e c t i o n  of 
the  f i e l d  emits  a t  any d i r e c t i o n  t h r e e  waves of d i f f e r e n t  
group v e l o c i t i e s .  
emi t ted  e a r l i e r  a r r i v e  a t  the d i s t a n t  observer  simultaneously 
and so w i l l  the  "medium" wave and the  " f a s t "  wave emi t ted  a t  
a l a t e r  time, while t he  "slow" wave i s  s t i l l  on i t s  long 
journey to the  d i s t a n t  observer.  Thus, i n  t he  e a r l y  t i m e  
when the  source i s  approaching, on ly  two waves appear a t  the  
observat ion poin t .  After  some t i m e  t he  "slow" wave w i l l  c a t ch  
up wi th  th ree  o t h e r  f a s t e r  waves emi t ted  when the  source i s  
receding, and reach the  observer a t  the  same t i m e .  From the  
viewpoint of t he  observer  the f o u r  waves appear to o r i g i n a t e  
from f o u r  d i f f e r e n t  sources  loca t ed  a t  f o u r  d i f f e r e n t  p l a c e s ,  
This s i t u a t i o n  i s  depic ted  i n  Figure 6b. 
The " fas t"  wave and the  "medium" wave 
Up to now our  d iscuss ions  have been r e s t r i c t e d  to the  case 
where X < 1. The v a r i a t i o n  of the  wave-number sur face  wi th  X 
i s  sketched i n  Figure 7 from which one can r e a d i l y  deduce how 
the  complex Doppler e f f e c t  changes wi th  X. 
1 
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Figure 
ko and 
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Varia t ions  of Figure 6a with X f o r  f i x e d  
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